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KOPPELMAN FORMULAS ON AFFINE CONES OVER SMOOTH 
PROJECTIVE COMPLETE INTERSECTIONS 


R. lArkAng and j. ruppenthal 

Abstract. In the present paper, we study regularity of the Andersson-Samuelsson 
Koppelman integral operator on affine cones over smooth projective complete in¬ 
tersections. Particularly, we prove L^- and (^“-estimates, and compactness of the 
operator, when the degree is sufficiently small. As applications, we obtain homo- 
topy formulas for different 9-operators acting on LP-spaces of forms, including the 
case p = 2 if the varieties have canonical singularities. We also prove that the 
A-forms introduced by Andersson-Samuelsson are (7“ for a < 1. 


1. Introduction 

In C", it is classical that the (9-equation df = g, where g is a. (9-closed (0, g)-forni, 
can be solved locally for example if g is in C°°, or is a current, where the 
solution / is of the same class (or in certain cases, also with improved regularity). 
To prove the existence of solutions which are smooth forms or currents, or to obtain 
L^-estimates for smooth solutions, one can use Koppelman formulas, see for example, 
IRT],ILM]. 

On singular varieties, it is no longer necessarily the case that the cl-equation is 
locally solvable over these classes of forms, as for example on the variety {zf + + 

Z 2 Z 1 = 0}, there exist smooth 5-closed forms which do not have smooth cl-potentials, 
see e.g. |R,21 Beispiel 1.3.4]. 

Solvability of the (9-equation on singular varieties has been studied in various arti¬ 
cles in recent years, for example describing in certain senses explicitly the obstructions 
to solving the 9-equation in L^, see IEDY],IDv],[R 6]. Among these and other results, 
one can hud examples when the 9-equation is not always locally solvable in L^, for 
example when p = 1 or p = 2. 

On the other hand, in issi, Andersson and Samuelsson dehne on an arbitrary 
pure dimensional singular variety X sheaves Af of (0, g)-currents, such that the 9- 
equation is solvable in A^, and the solution is given by Koppelman formulas, i.e., 
there exists operators /C : A^ —?■ Af_i and V : Aq —?■ Ox, such that if <p G Af, then 

^p{z) = 9/C<p(z) -b /C(9(p)(z), (1) 

if g > 1, and 

^{z) =V^{z) + }C(d^){z), (2) 

if g = 0, where the operators fC and V are given as principal value integral operators 

^^{z) = j K{C„z) ^ (p(C) and Vlp{z) = J P(C, z) A (p(C), (3) 

for some integral kernels K{(,z) and P{(,z). On X* = Reg A, the regular part 
of X, the sheaf A^ coincides with the sheaf of smooth (0, g)-forms. For the cases 
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when the 5-equation is not solvable for smooth forms, the ^-sheaves must necessarily 
have singularities along SingX, but from the dehnition of the ^-sheaves, it is not 
very apparent how the singularities of the ^-sheaves are in general. In order to take 
better advantage of the results in |ASj . one would like to know more precisely how 
the singularities of the ^-sheaves look like. In particular, it would be interesting to 
know whether for certain varieties, the ^-sheaves are in fact smooth, or, say, also 
over SingX. 

Our motivation for studying the 5-equation using Koppelman formulas is two¬ 
fold: First of all, as in the smooth case, using integral formulas for studying the 
5-equation has the advantage that it can be used for understanding the 5-equation 
over various function spaces, like forms which are C*^, (5°°, Holder, U’ or currents. 
As mentioned above, a large part of the study of the 5-equation on singular varieties 
has been restricted to L^-spaces, while using integral formulas, we can indeed obtain 
new results about solvability also in L^-spaces for p 7 ^ 2. In addition, it is often easy 
to prove that integral operators are compact, and indeed, we do indeed here obtain 
compact solution operators for the 5-equation. 

A second motivation is the following: the ^-sheaves in |AS] are defined by starting 
with smooth forms, applying Koppelman formulas, multiplying with smooth forms, 
applying Koppelman formulas, and iterating this procedure a finite number of times. 
We obtain here that for the varieties we study, the ^-sheaves are contained in the 
sheaves of forms with coefficients, for any a < 1, see Corollary 11.21 below. 

In this article, we consider Koppelman type integral formulas for the 5-equation 
on affine cones over smooth projective complete intersections of degree low enough. 
More precisely, let X = {(j' G C'^ | h{C,) = 0} be the subvariety of dimension 
n = N — u, where h = (hi,..., hy) is a tuple of homogeneous polynomials of degrees 
(di,..., dy). We let d := di be the degree of X, and assume that d < 

2n -|- — 1 and that X has an isolated singularity at the origin {0}. Equivalently, 

if K C is a smooth projective complete intersection of degree d defined by 

Y := {[z] G I h{z) = 0}, then, X is the affine cone over Y. In |LR,j . we 

studied similar problems for the special case of the so-called Ai-singularity, which is 
the subvariety X = {( G | = 0}. 

For general varieties, the operators ([3]) from |AS] only exist as principal value 
operators, and hence require some smoothness of the input, but our first main result 
is that for the varieties we consider in this article, we can extend the operators to 
work on L^-forms. For precise definitions of what we mean by L^-forms, C“-forms 
and C^’^-functions on D' and D, see Section [3l 


Theorem 1.1. Assume that X C is the affine cone over a smooth projective 
complete intersection Y C of degree d < 2n + u — 1, where n = dimX and 

V = codimX = N — n. Let VL CC 12' CC he two strictly pseudoconvex domains, 
and let D := X n Q and Z2' := X fl 12'. Let K. and V be the integral operators from 
m on D', as here defined in (l34|) and (HD, and assume that 


2n 

2n — (d 


< p < 00 


and g G {1,..., n}. Then: 


(i) /C gives a bounded compact linear operator from Lq^^{D') to LQ^^_fiD). 

(a) X gives a continuous compact linear operator from Lf^i^D') to CQ g_fiD) for 
0 < a < 1. 
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(iii) V gives a continuous compact linear operator from Lqq{D') to C^'^{D). 

In particular, one obtains the following result about the ^-sheaves from |AS] . 

Corollary 1.2. Let X and D he as in Theorem M . R and let, as in I3S|. Aq he the 
sheaf of currents which can he locally written as a finite sum of currents of the form 

e,+iA(/C,(... 6 A/C 2 ( 6 A/Ci(ei)))), 

where each /Cj is an integral operator as in Theorem M. R mapping forms on D[ : = 
rijnX to forms on where hi = <Z<Z VLy (Zd ■ ■ ■ <Z<Z LLi <ZC. are strictly 

pseudoconvex domains, and fi are smooth forms on D[. Then 

for any 0 < a < 1. 

Although by Theorem 1 1.1 1 the Koppelman operator /C maps to 

for p > 2n/{2n — {d — z/)), this does not necessarily imply that the cl-equation is 
locally solvable in for such p, since it is not necessarily the case that o holds 
on D for (p G L'p{D'). However, in order to describe when the Koppelman formula 
(II]) does indeed hold, we first need to discuss various definitions of the cl-operator on 
L^-forms on singular varieties. We let H C X be some open set, and we let dsm be 
the 5-operator on smooth (0, g)-forms with support on D* = D \ {0} away from the 
singularity. This operator has various extensions as a closed operator in Lq^{D). 

One extension of the 5sm-operator is the maximal closed extension, i.e., the weak 
5-operator df, in the sense of currents, so if G then g G Dom5^ if 

dg G Lq^_^^{D) in the sense of distributions on D. When it is clear from the context, 

we will drop the superscript (p) in 5^ , and we will for example write g G Dom 5^, C 
L^q{D). For the 5^-operator, we obtain the following result about the Koppelman 
formulas dl]) and (I 2 |). 


Theorem 1.3. Let X, D', D and K he as in Theorem n 
LQq{D'), where 


2n 

2n — {d — u + 1) 

and g G {0,..., n}. If q > 1, then 


< p < oo 


and if q = 0, then 


cp = 5^„/C<p/C(5^<p) 
p = Vif + X(d^p>) 


in the sense of distributions on X. 


Let ip G Dom 5^ C 


( 4 ) 

( 5 ) 


Note in particular, iid<N — l=n + v — 1, then (jT]) holds in the important case 
p = 2. By m Corollary 3.3], the condition d < A^ — 1 means precisely that X has 
canonical singularities, which is an important class of singularities in the minimal 
model program. 

Another extension of the 5-operator is the minimal closed extension, i.e., the strong 

_(p) _ _ 

extension 5^ of 5*^, which is the graph closure of dgm in x so 

_(p) 

ip G Dom5^ C L^q{D), if there exists a sequence of smooth forms {(pj}j C Lg ^lD) 
with support away from the singularity, i.e., 

supp ipj n {0} = 0, 
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such that 

Lpj if in LlqiD), ( 6 ) 

d^pj^dip in Llq^^{D) (7) 

as i —)■ oo. 

For the strong 5-operator, we obtain the following. 


Theorem 1.4. Let X, D', D and K he as in Theorem \l.l[ and assume that X has 
degree d < 2n-|-z/ — 1, and that D has smooth boundary. Let p) G Dom5s C L\^(D'\ 
1 < g < n, where 


2n 

2n — {d 


-— < p < 2n. 


Then 


Xp G Dom^s C 

As a corollary, we thus obtain that the Koppelman formula holds also for the 
5s-operator. 

Corollary 1.5. Let X, D', D and X be as in Theorem M . 1\. and assume that X has 
degree d < 2n + u — 1. Let p G Lq^^{D') such that p G DomS^, where g G {1,..., n} 
and 

2n 

< p < 2n. 


2n — {d — u) 


Then 


p = dgXp -|- X{dsp) 
in the sense of distributions on D. 


( 8 ) 


The setting in |AS] is rather different compared to this article, since here, we are 
mainly concerned with forms on X with coefficients in L^, while in [ASj . the type of 
forms considered, denoted W^, are generically smooth, and with in a certain sense 
“holomorphic singularities” (like for example the principal value current 1/f of a 
holomorphic function /), but there is no direct growth condition on the singularities. 
For the precise definition of the class W^, we refer to |AS] . In the setting of |AS] . the 
5-operator dx considered there is different from the ones considered here, 5^ and 5^. 
For currents in W^, one can dehne the product with certain “structure forms” oox 
associated to the variety. A current p G lies in Dom dx if there exists a current 
r G ydq+i such that 5(p A a;) = r A a; for all structure forms u. (To be precise, this 
formulation works when X is Cohen-Macaulay, as is the case for example here, when 
X is a complete intersection). 

Combining our results about X and the d^,- and 5s-operator with some properties 
about the W^-sheaves, we obtain results similar to Theorem ll.di for the 5x-operator, 
answering in part a question in [ASj (see the paragraph at the end of page 288 in 

ESI). 

Theorem 1.6. Let X, D', D and X be as in Theorem \1.1[ and assume that X 
has degree d < 2n + u — 1. Let p G Dom 5^^^ fl 1 < q < n, where 

2n/ {2n — (d — u)) < p < 2n. Then 


Xp G Dom5x- 
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When X is as in Theorem 11.61 then the strnctnre form on X will locally behave 
like in C”, see fl38|) . Tims, oj G LFj^q{D) for all 1 < p* < 2n/{d — v). The 

conclnsions of Theorem 11.61 means that 

d{K,Lp A ojx) = {dXp) A cux- (9) 

Since p G Domcls C U’[D'), by the Koppelman formnla for d^, on L^, we get that 
dKif G LP^D). Asp > 2n/{2n—{d—u)), we havep* := p/{p—l) < 2n/{d—u), and so, 
by the discussion above, to G L^q{D). Thus, the products ]Cip Aux and {dXip) Aux 
exist (almost-everywhere) pointwise and lie in by Holder’s inequality. 

The proof of Theorem 11.61 is essentially the same as the proof of Theorem 1.6 in 
ra. The only differences are that here, as described above, one uses Corollary 11.51 
to conclude that dKip G L^, and at the point where Holder’s inequality is used, one 
uses that if p* := p/{p — 1), then as explained above, oox G (D). 

When X = + Cl + Cl = 0} C is the so-called Hi-singularity, we proved in 

_^ 2 ) _( 2 ) 

ra that if G Domcl)y , then /C<p G Dom(9^ , while here, we require instead that 
p G Dom d). . In order to obtain Corollary 11.51 this assumption is enough, while 
Theorem 11.61 needs then to be weakened to assume that p G Dom instead of 
if G DomclC; as in ra. 

The following results about solvability of the 5-equation df = g, when dg = 0, 
on affine homogeneous varieties with an isolated singularity can be found in earlier 
works. Throughout this discussion, we let as above, X C be an analytic variety of 
pure dimension n, and let D CC D' CC X be two domains, which are intersections 
of X with strictly pseudoconvex domains in (in some cases D and D' should be 
intersections of X with balls in C^). Recall also, as mentioned above: when X is the 
affine cone of a smooth projective complete intersection in of degree d, then X 
has a canonical singularity at 0 if and only if d < iV — 1. 

First of all, Henkin and Polyakov EEl showed that for any complete intersection, 
if (7 G then there exists / G where D* = D \ SingX. 

We now consider the 5u,-operator. If X is an arbitrary variety, which is Cohen- 
Macaulay (so in particular, if X is a complete intersection), with an isolated singu¬ 
larity at 0, then Fornaess, 0vrelid, Vassiliadou showed that for g G where 

1 < q < n — 2, there exist / G Ll g_^{D), and the case q = n is treated in |ORj (also 
without the Cohen-Macaulay assumption). 

For weighted homogeneous varieties, if g has compact support in D, and g G 
Lg g(D*), then for 1 < g < n, and 1 < p < cxo, by [RZj . there exists / G Log_^(D*). 
If X is homogeneous with isolated singularities, g G L“^(D), still with compact 
support, then / G Cqq{D) for any a < 1. If X is as in Theorem ll.il and d = n, then 
for g G Lq ,j{D), where 1 < p < cxo and q <n — 2, there exist / G Lo g_i(D) by |R,4j . 
Theorem 6.5. 

If we now turn to the 5s-operator, by |R5] . (LQ’g°^,5s) is a resolution of Ox,x if 
and only if x G X has rational singularities. Thus, if D CC D', and D' is strictly 
pseudoconvex, if p G ker5s C there thus exists / G Lo,g-i(-^) if 0) i® ^ 

rational singularity. On the other hand, if (X, 0) is not a rational singularity, then 
there exist a neighborhood D' of 0 and g G such that there does not exist 

any / G for any neighborhood D of 0. When {X,x) is Cohen-Macaulay, 

then (X, x) has rational singularities if and only if (X, x) has canonical singularities, 
see P- 85]. 
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Finally, one can also compare solvability with respect to the ds and 5^-operator. 
By IE] and lES], the L^’^°^-cohomologies on X coincide when one considers either the 
dg- or the (9^-operator for X being the affine cone of a smooth projective complete 
intersection, because the blow-up of the origin is then a resolution of singularities 
of X, and the exceptional divisor has multiplicity 1. Thus, also the 5^-equation is 
locally solvable for all g & and all 1 < g < n if and only if d < — 1. 

To conclude, we see that when g does not have compact support, our results about 
solvability in Lq^ for p ^ 2, appear new when d^noTq>n — 1. 

In regards to optimality of our results, for p = 2, we see by the discussion above, 
that the dw- and the (9s-equation are locally solvable for all g G kerS^ C Lq^ or 
g G ker when q ^ n — 1 for any affine cone of a smooth projective complete 

intersection of arbitrary degree, and for g = n — 1 if and only if d < — 1. Thus, 

for p = 2, Theorem 11.31 and Corollary 11.51 are optimal in the sense that they give 
solutions for all 1 < g < n exactly for those affine cones over a smooth projective 
complete intersection for which solutions always exist. 

We mention here how our results and methods are related to the ones in ra. 
In |LR,] ■ we obtained results similar to the results here, for the special case of the 
so-called Ai-singularity X = {C G | Ci +C 2 +C 3 = 0}- The methods are however a 
bit different. In ra. we used a two-sheeted branched covering tt : —)■ X of X to 
essentially reduce the problem to similar problems in the case when X = C^. Here 
now, we instead consider the problem, and estimate integrals directly on the variety 
X C C^, using some basic estimates regarding radial integrals in Section [2l Since we 
do not make any assumptions on the variety in Section |2] (except for being of pure 
dimension), such a method has the hope of working more generally. In addition, even 
though we could in |LR,] reduce the problem to integral operators in C^, the method 
still became rather involved, as we first of all needed to consider weighted L^-spaces 
on C^, and in addition, the integral kernels that we needed to study became rather 
complicated. 

The present paper is organised as follows. We start by providing basic integral 
estimates on arbitrary analytic varieties in Section [2l and the definition of C*"- and 
L^-forms on singular spaces in Section |3l In Section HI we prove the relevant esti¬ 
mates for integral operators with isotropic isolated poles on varieties with arbitrary 
singularities, while in Section [5l we study how L^-forms on a singular variety can be 
approximated by smooth forms (which is needed to apply the Andersson-Samuelsson 
homotopy formula). Finally, in Section [6l we recall the Koppelman formulas of 
Andersson-Samuelsson and prove the main theorems of this paper. 

2. Basic integral estimates on analytic varieties 

Let X C be an analytic variety of pure dimension n. We consider X as a 
Hermitian complex space with the restriction of the standard metric from C^, i.e., 
the regular part X* := RegX of X carries the induced Hermitian metric. With 
respect to the volume element induced by this metric, the singular part SingX is a 
null set, and we denote by dVx the extension to X of the volume element on X*. 
Let Br{z) be the ball of radius r > 0 centered at the point z G C^. 

2.1. Estimates of radial functions on analytic varieties. Let / : H —)■ M>o be 

a positive measurable function on a measure space (Y, p). We define the distribution 
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function of / as 


y I f{.y) >0)- 

Our use for distribution functions is the following result: 


[ fiy)dM = f \f{t)dt, (10) 

Jy Jo 

provided the integral exists. The proof of ffTOj) follows directly from writing f{y) = 
dt in the left-hand side of flTOll . and changing the order of integration. 

We will now let Y be the set X fl \ Bri{z)) for r 2 > ri > 0. We want to 

estimate integrals of the form 



1 

lie-^11“ 


dVxiC), 


where a > 0. To do this, we begin by estimating the distribution function of f{() = 
1/llC — z||" on Y. First of all, we have by [D], Consequence 3.5.8, that if we write 


/ dVxiC) =v{r,z)r^'^, ( 11 ) 

JxnBr(z) 

then v{r, z) is increasing in r. We let K be some compact subset of X and let i? > 0 
be hxed. Then there exists some C such that u(r, z) < C for any z & K and r < R. 

In addition, by Theorem III. 7.7, there exists some constant c such that 0 < 
c < linv^o-i- u(r, z) independently oi z G X. Thus, ior z & K and 0 < r < 72, we get 
that there exists constants c, C such that 


0 < c < u(r, z) < C. (12) 

Using f[T2|) . we can estimate integrals of radial functions on a variety X of dimen¬ 
sion n in terms the corresponding integral on C”'. 


Lemma 2.1. Let X C be an analytic subvariety of pure dimensionn. Let K C X 
be compact, and let z E K Y X and R> t) be fixed. Assume that / : X —)■ R>o is of 
the form f{Q = g{\( — z\) for some function g : M>o —)■ M>o- Let f \ LX ^ M>o be 
defined by /(C) = ^(|CI)- Then, forr < R, 


c [ fiOdVcAC) < 

J Br{0) 


[ fiOdVxiC) < C 

J Br{z) 



fiOdVer^iO, 


where c and C are the constants in oa. 


Proof. We claim that 

c/i/(s) < /i/(s) < Cyj{s), (13) 

which together with flTOj) proves the lemma. 

To prove the claim, we note first that since / is radial around z, the level-set 
{C e X I |/(C)| < s} is a union of intersections of X with annuli {Brj^.{z) \ Br^.{z)). 
The level-set {C G C" | |/(C)| < s} is a union of annuli (i^n/O) \ 72^2/O)) with the 
same radii. Since 



dVx <C{r 


2 

1,2 



J {Br,,iz)\Br2^(z)) 

by (IT^ . and the fact that u(r, z) is increasing in r, we then get that flT^ holds. 


□ 


We then obtain the following important ingredient for our estimates. 
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Lemma 2.2. Let X C be an analytic variety of pure dimension n, K <Z X a 
compact subset and R > 0. Fix also a > 0. Then there exists a constant Ci > 0 
such that the following holds: 




r dVxiC) 

/xn(Br.2(2)\Rri(2)) IK~^II" 


<6*1 


, a<2n, 
1 + I logril , a = 2n, 
rl^-^ , a>2n, 


(14) 


for all z G K and 0 < ri < r 2 < R. 


A proof of Lemma 12.21 is obtained by combining the corresponding statement 
when X = C”, ra. Lemma 6.1, with Lemma [2.11 Similarly, as it is an elementary 
calculation that the corresponding integral is bounded when X = C"", we obtain the 
following. 


Lemma 2.3. Let X and K be as in Lemma l2.1[ Then 

dVxiO 


I{z) := 


lielog IIC-^I 


< 1 


for all z & K. 


For cut-off estimates, we also need the following, which we again by Lemma 12.11 
can reduce to the case when X = C”, and this case follows by a straightforward 
calculation (cL, |LR,] . Lemma 6.4 for a more general variant). 


Lemma 2.4. Let X and K be as in Lemma EJl and let for any integer m > 0 let 
rm'-=e.~^”"- Then 


[z : = 


dVxiC) 


lie - ^IP"1 log lie - z\ 

for all z ^ K uniformly, i.e., not depending on m. 


< 1 


2.2. Basic integral estimates on analytic varieties. We now consider integral 
estimates for integrands which are not radial, but which are products of radial func¬ 
tions with different centers. From Lemmawe can deduce our main basic estimate: 

Lemma 2.5. Let X C C'^ be an analytic variety of pure dimension n, D CC X 
relatively compact and 0 < a,/3 < 2n. Then there exists a constant 6*2 > 0 such that 
the following holds: 


dVx{Q 


Jd iie-^ii"iie-'«^ii^ 

for all z,w ^ X with z ^ w. 


<C2 


1 , a + ft < 2 n, 

logll^ —tc|| , a + ft = 2n, 

ll^ — , a + ft > 2n, 


(15) 


Lemma 1231 follows from Lemma [2^ in exactly the same way as Lemma 6.2 in [LRj 
follows from Lemma 6.1 in [LRj . 

Also needed and a little more sophisticated is the following: 

Lemma 2.6. Let X C be an analytic variety of pure dimension n, D CC X 
relatively compact, and K G X compact, 0 < a < 2n and 0 < ft < 2n. For any 
integer m > 0 let r^ '■= e~^”'. Then there exists a constant C 3 > 0, not depending 
on m, such that the following holds: 

dVxiC) _ / 1 , a + (3 < 2 n, , . 

log||C|||||C-^||^ “ 11^11^”“"“^ ,a + /3>2n, 1 


/Dn(B.^(o)\i3.^+i(o)) IlCIh 

























KOPPELMAN FORMULAS ON AFFINE CONES 


9 


for all z ^ K with z ^ Q. 

Proof. Let K' := K\J D\J {0}, and let R be the diameter of K'. Let 5 := |lz||. Since 
z and 0 belong to K', we get that 6 < R. We will apply Lemma 12.21 several times 
with K' and i? > 0 as chosen above. 

We divide the domain of integration Y ■.= DP (i?r^(0) \(0)) in three regions 
-Di, -D 3 . Let 

Di ■.= ¥ P 55 / 2 ( 0 ) , D 2 '■=¥ P Bs/2{z). 

Then ||C “ ^|| > <5/2 on 5i and so 

f dVM) ^ , f dv^K) 

Ljicihi log lien |iic-^r ■ L. iicii“|iogiicii| 

< 1, and letting 


The last step follows by Lemma 12.21 if a < 2n (using | log | ^ 
ri —)■ 0 in Lemma [2.2p . and by Lemma [2.41 if a = 2n. 

As IICII > (5/2 on ^2 we have similarly: 

r dVxiO < f dVxiO 

Ljicii"|iogiicii|iic - JxnBs/2iP ~ 

< Ci((5/2)-“+2”-^, 


where we need only Lemma [2.21 for the last step. 

It remains to consider the integral over Y \ {Di U D 2 ). Here, ||C — z\\ > 6/2 and 
that yields: 

iicii < lie - ^11 + ikii = lie -z\\ + 6 < 3 |ie - ^||. 

So, we can estimate: 

r dVxiO ^ 3 ^ /■ dVxiO 

Jy\{diud2) iieii"! log iieiiliie - ^11^ jypBa(o)\Bs^2m lieii"’^^! log iieiil 

. r ,« + /3<2n, 

~ ^ \ ((5/2)2"-“-/^ , a + /3 > 2n. 

For the last step, we use Lemma [2.21 if a + fd ^ 2n, and Lemma [2.41 otherwise. 

The assertion follows easily from this statement in combination with the estimates 
for the integration over Di and D 2 . □ 

For C^-estimates, we will use the following variant of Lemma 12.21 

Lemma 2.7. Let X C be an analytic variety of pure dimension n, K <Z X a 
compact subset and R > 0. Fix also 0 < a < 2n. Then there exists a constant 
C 4 > 0 such that: 

viv ^ ^ 

JxDBriz) lie “ 'W^ll 

for all z ^ K, w E X and 0 < r < R. 


< C^r 


2n—a 


(17) 


Proof. We hrst consider the case when Br{z) n Br{w) = 0. Then, HZ' — tc|| > r on 

Br{z), SO 

lAz) < 4 / avxiO < 

^ JxnBriz) 

by Lemma [2.21 
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It remains to consider the case when Br{z) fl B^iw) ^ 0. Then, Br{z) C B^riw). 
Hence, again by Lemma 12.21 


Ir{z) < 




dVxiC) 

IlC-w^lh 


<C^i(3r) 


2n—a 


□ 


3. C°- AND L^-forms on an analytic variety 


Our main results deal with C°‘- and L^-forms on an analytic variety, so we precise 
here its meaning, and remind of some basic results about such forms. Let X C 
be an analytic variety of pure dimension n, and let D CC X be an open set. Let 
1 < p < oo. Since D* = D n RegX is a submanifold of some open subset of C^, 
it inherits a Hermitian metric, and we say that a (0,g)-form p on D is in Lq^{D) 
if ifli)* is in Lq^^{D*) with respect to the induced volume form dVx- Note that as 
remarked before, SingX is a null-set with respect to dVx, so it does not matter if 
we consider L^-forms on D or D*. 

When we consider an L^-differential form as input into an integral operator, it will 
be convenient to represent it in a certain “minimal” manner. If p is a (0, g)-form on 
D, then by [R,31 Lemma 2.2.1], we can write (p uniquely in the form 

^ (fidzi, (18) 

\i\=q 


where 

in each regular point z G D*. The constants here stem from the fact that \d'^\ = \/2 
in C"". In particular, we then get that G Lq^{D) if and only if ipi G U’{D) for all 
I. If one has an arbitrary representation of ip of the form flTSD . then 

|4,p(z)<x/?^|^,p(z), (20) 


and then, ip G Lq^{D) if ipj G IX^D) for all I. 

For 0 < a < 1, we say that a (0, g)-form ip is at a point ^ G D if there is a 
representation (ITSl) such that all the coefficients ipi are C", i.e.. Holder continuous 
with exponent a, at the point z. We denote by Cq ^^D) the vector space of C“-forms 
on the domain D. C°‘{D) is a Frechet space with the usual metric, and we give 
CQg{D) the minimal topology making the mapping 


0 C“(0) ^ C„”,(-D) . Wi), ^ Y, 

\I\=q \I\=q 


continuous. For a = 1, we denote the Lipschitz continuous functions by in 

order to avoid conflict of notation with continuously differentiable functions. 

Using the minimal representation f[T8|) . and the inequality fl2n|l for not necessarily 
minimal representations, the following lemma follows immediately. 


Lemma 3.1. IffC is an integral operator mapping (0, q)-forms in ( to (0, q — l)-forms 
in z, defined by an integral kernel 

d{i^j^L{C,z)dzi AdCj AdCr, 

\L\=n,\I\=q-l,\J\=n-q 
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then K is a bounded linear map Lq ^^D') —)■ if 

/(C) ^ / Kj,j,L{C,z)f{C)dVx{C) 

Jd' 

is a hounded linear map Lp{D') —)■ Lp{D), and a continuous linear map —)■ 

C'oVi(^) 

/(C) ^ [ K,j^L{C,z)f{OdVx{C) 

JD' 

is a continuous linear map L°°{D') —)■ C'^{D). 


4. Estimates for integral operators with isotropic isolated poles on 

VARIETIES WITH ARBITRARY SINGULARITIES 


Let X C be an analytic variety of pure dimension n. We will consider proper¬ 
ties of the integral kernel 


k^{C:Z) := 




2n-l 


( 21 ) 


on X for 0 < 7 < 2n. 


4.1. L^-mapping properties. Our basic estimate, Lemma [2751 allows to study L^- 
mapping properties of integral operators given by the kernels fc.y(C, z) dehned in (| 2 T]) 
by the use of generalized Young inequalities. 

Theorem 4.1. Let D CC X be a bounded domain in X. Let 0 < 7 < 2n. Then the 
integral operator 

f^T{f){z) := f f{Ok,{Cz)dVx{C) 

Jd 

defines a bounded linear operator T ; L^{D) —)■ L'^{D) for all < p < 00 . 

Proof. Let us hrst consider the case p < 00 . Choose 

P* :=P/(P- !)• 

So, l/p+ l/p* = 1. Moreover, we get: 

^Tl 

7 P* < 2n 77 l/p* > 7 / 2 n 77 1 — ^/2n > 1/p 77 p >-, 

2 n — 7 

so that actually ■jp* < 2n by the assumption on p. 

We want to show that the L^-norm of T/ is hnite, and we begin by estimating and 
decomposing, and using the Holder inequality (with l/p-|-l/p* = 1) in the following 
way: 


I : = 


< 


ID 


fiC)kfiC,z)dVx{C) 


ID 


dVxiz) 


Id \ Jd 


l/(C)P 


IIC-^I 


2n-l 


l/p 


IP 7 


< 



1 /( 01 ^ 


D JD 


IIC-^I 


2n 


-dVx{0 


P * 7 ||(^ — ^|| 2«-1 

\\z 


l/p* \ P 

dEx(C) dVx{z) 


ID 


PI 


p*7 \ P/P* 

-dEx(C) dVx{z). 


IIC-^ 


|2n-l 
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Inserting 


p 7 


' D 


PI 


;s 1 


which we get by use of Lemma [2.51 (recall that p *7 < 2n), and applying the Fubini 
theorem gives: 


/ < 


< 


1 /(01^ 


ID 


ID 




/^l/(C)|Wx(C) = ||/|li.(,,), 


where we have applied Lemma [2.51 once more (for the integral in z). 


It remains to consider the case p = oo which is even simpler: 


/ fi0k,{c,z)dVx{0 

Jd 



k,{Cz)dVx{0<\\fU 


by use of Lemma [2.51 (with the assumption that 7 < 2n). 


□ 


Lemma 4.2. Let D CC D' CC X be bounded domains in X. Let 0 < 7 < 2n, and 
let for j > 0, 


z) 


0 

k^{C,z) 


^fk^{Cx) > 3 

otherwise 


Let 


/^T,(/)(z):= [ f{C)k,,,{C,z)dVx{C) 
Jd' 

and 


f^Tif){z):= [ fiC)k,{C,z)dVx{0. 

Jd' 

Then Tj —)■ T as bounded linear operators Lp{D') —)■ U’{D) for all < p < 00 . 

Proof. The proof follows in a way similar to the proof of Theorem 14.11 Take / G 
L^{D'). Following that proof, one gets that 


II (T, 


T^)f\\UD) < 



ll/(C)l|Wx(C) 
IIC-^IP-I ^ 


{z)dVx{z), 


( 22 ) 


where 




r WzrdVxiC) 

Jd, iicriic-^iP"-^ 


p/p* 


and Dj := {( E D' \ ky{(,z) > j}. Note first that as in the proof of Theorem 14.11 
Ij{z) is uniformly bounded in 2 ; and j. Secondly, 


D, C{C e D' I ||z|r/||cr > VJ} U {C e B' I i/IIC - jf”-' > v4} £ 

CD' n (i?|| 2 ||/jl/( 27 ) ( 0 ) U Bi/jl/(4n-2){z)) 

when 7 > 0. Thus, the area of Dj tends to 0 when j ^ 00 hy Lemma [2.21 since the 
radii of the balls tend to 0. It is easily seen in the same way that this is the case also 
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when 7 = 0. Hence, by dominated convergence, Ij{z) decreases pointwise to 0. As 
in the proof of Theorem 14.11 

wmr 

iic-^i| 2 -i 

is integrable on H x D', and thns, since Ij{z) is bonnded and pointwise decreasing 
to 0, (Tj — T)/ ^ 0 in L^{D) by and dominated convergence. □ 


4.2. Continuity estimates. 


Theorem 4.3. Let D CC X he a bounded domain in X. Let 0 < 7 < 2n, and let 


k^{C,z) 


Ikir Ci ~ 

iicriic-^P" 


for some i G {1,..., n}. Then the integral operator 


f^Tif)iz) := [ fiOk,iC,z)dVx{C) 

J D 

defines a compact continuous linear operator T : L°°{D) C°'{D), where 0 < a < 1. 

If 7 = 0, then a standard proof from the case X = C”, as for example lEn 
Proposition III.2.1], works, by nsing Lemma 12.51 We will adapt this proof to work 
also for 7 > 0. 


Proof. Since 

|T(/)(^)-T(/)H|<||/|Uco(,,) [ \k,{Cz)-k,{C,w)\dVx{C), 

J D 

in order to prove the continnity as a map L°°{D) C°'{D) it is enongh to prove 

that for a < 1 fixed, 

[ \k^{C,z)-k^{C,w)\dVx{0 <\\z -wW’^. (23) 

J D 

for z,w ^ D. In order to do this, we let r := \\z — tc||/2, and partition D into 

Wi:=Dn Bfiz), W 2 := n Bfiw), W 3 := {D \ {Wi U W 2 )) n BfiO) and 

IT4 := \ (Wi n IP2 n W3), 


and prove the ineqnality for the integrals over each of the Hi’s. Using that ||z|| < 
+ lie — z\\, we get that 


\HC,.z)-~k,{C,M\dVx{C,)< 

1 


JWi 
2n—l „ 

^_Q J Br{^z)C\X 


A:||^ ^11274—/c—1 




< 

r\j 


max 


<Br(z)r\X 


'Br(z)r\X 


2n-l ’ _ ^||2n-l 

1 


max 


2n-l ’ 


\\C-w\ 


2n- 


- dVxiC) 


< 

r\j 


2n-l 11^ _ 2 || 2 n-l ||(^ _ ||2n-l~ ^ 
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where the last inequality is Lemma 12.71 By symmetry, we get the same estimate for 
the integral on W 2 . In the same way as for the calculation on Wi, but using that on 
^ 3 ) lie ~ ^11 ^ lie — ipII > r, we get that 


2n-l 


IW 3 




k=0 


2n—k—l 


'Br{0)nX 


-dVxiC) 


< 


where we used Lemma 12.21 for the last inequality. 

Finally, we consider the integral on W^. By possibly switching the roles of and 
tc, we can assume that ||tc|| < ||z||. First, we write 


|^(C,^) - k^{C,w)\ < 



ll^o(C, ^)|| + 



|fco(C,^) - ^o(C,'«^)l- 


If we consider the hrst term, and use the reverse triangle inequality ||| 2 ;|| — ||u'||| < 
\\z — ta||, — IP = {a — + ■ ■ ■ + max(a, h) < a + 6 if a, 6 > 0, and the 

assumption that ||tc|| < ||z|l, we get that 


7 _ 




7-1 


■||^o(C,^)|| ^Ik-M^llJ^ 


£=0 


<ll7- 


Z — W\ 


— ^||2n-(7-£) 


1 1 
+ 


2n 


IIC-^I 


2n 


Since IF 4 C i?/j(0)\i?r.(0), and IF 4 C BR{^)\Br{z)^ for i? S> 0, we get by Lemma[2]2] 
that 


7 _ 




'Wi 


■||fco(C,^)|| < lk-'«^||(l + I log Ik-w| 


Finally, as in the proof of |LT1 Lemma IIL2.2], 
\ko{C,z)-ko{C,w)\ <\\z-w\\max ' 


< Ik—tel 


1 1 

+ 


11^ _ 2;||2n ’ 11^ _ y^|| 2 n j " " _ 2 ;|| 2 n ' ||(^_y;|| 2 n 

Thus, using that ||tc|| < |k|| < ||C|| + ||C — -^ll, and ||tc|| < ||C|| + ||C “ '*^11; we get that 


- ^o(C,w^)l ~ik-'«^ii^ ( 


1IC-^I 


2n-e 


+ 


<1 


z — w\ 


1 1 

+ 77V-TTTTr + 


^IIC-wp^-^ 
1 


2n 


IlC-^k" ||C-w| 


2n 


Since IF 4 is contained in Bn^O) \ Br{0), Br{z) \ Br{z) and Br{w) \ Br{w) if i? 0, 
we get by Lemma [2.21 that 

Iw ~ ~^o{C,w)\ < r(l + |logr|). 

Combining the estimates for the integrals of the left-hand side of fl2^ on hFi, hF 2 , IL 3 
and IF 4 , we get that the integral on D is bounded by some constant times r(l -|- 
I logr|), and since r = \\z — tc||/ 2 , we get that fl23|) holds for any a < 1 . 

Since fl23|) holds uniformly for z,w in D, if {^j} is a uniformly bounded sequence 
in L°°{D'), then {T(/)((pj)(z)} is equicontinuous in the C“(Zi))-norm, and thus, T 
is compact by the Arzela-Ascoli theorem. □ 
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4.3. Estimates for cut-off and approximation procednres. In order to prove 
(9-homotopy formulas, we will need to approximate L^-forms in an appropriate way 
by smooth forms. For this purpose, we require the following cut-off estimate for the 
integral kernels k^{(, z). 


Theorem 4.4. Let D D' CC X be bounded domains in X. Let 0 < 7 < 277, — 1 
2n-^(7+i) < P < C)0. For any integer m > 0 let r^ '■= e~^"^. Then the integral 
operators 


f^Tmif){z) : = 


n)'n(i3rm(0)\^>'m+l (0)) 


/(C) 


k-y{C,z) 
log 


-dVxiC) 


define bounded linear operators : Lp{D') —)■ Lp{D) such that 


Tmf ^ 0 %n LP{D) 


for 777 —)■ CXO. 


Proof. To simplify the notation, let Dm '■= D' n (i?r,„(o) \ -Br„,+i(0)). As in the proof 
of Theorem 14.11 we use the Holder inequality with l/p-|-l/p* = 1 as follows: 

/c^(C,2) 


d-m ■ 


< D 


/(C) 


'Dr, 


log 

1/(01^ 


dVxiC) 


' D \ J Dr, 


logIKIIIIIC 


|2n-l 


P 7 


< 


^*(7+l)|log||C|||||C-^P-l 
1 /(01" 


dV{z) 

i/p 


i/p* \ 

dVx{C) 1 dVx{z) 


'D XJDrr, |lOg||C|l|l|C-^|P'^ 

II rllP*7 


-dVx{0 


p/p* 


iDrr. ||Cr‘(^+'/l0g 


— 2; 


—dVx(0 dVx{z). 


As in the proof of Theorem 14.11 if p > 2 n-^+i) ’ ^^en ^*(7 -|- 1) < 2n. Inserting 



p 7 


P‘(7+l)|log||C|||||C-^| 


2 n-l 


dVxiO 


< 


|p* 7 + 2 rx—( 2 rx— 1 )—p* ( 7 +I) 





which we get by use of Lemma [2.61 (since p*(7 -f 1) < 277), and applying the Fubini 
theorem gives (keep in mind that ^(1 — P*) = ~p)- 


< 


< 

r\j 



1/(01" [ dVxjz) 

I logiiciil Jd ikiiiic - 

|/(C)|"dfA(0 = ll/ll/.(z7,„), 


dVxiC) 


where we have applied Lemma [2.51 once more. 

But now ||/||lp(d^) —)■ 0 for A: —)■ 00 because the domain of integration vanishes 
and p < 00 (see e.g. [^, A.1.16.2). □ 
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5. Approximation by smooth forms 


5.1. Cut-off functions. We will use the following cut-off functions to approximate 
forms by forms with support away from the singularity in different situations. 

As in Ea, Lemma 3.6, let pk ^ ^ [0)1]; A; > 1, be smooth cut-off functions 
satisfying 


Pk{x) 


1 , X < k, 

0 , X > k + 1, 


and Ip'J < 2. 
that 


Moreover, let r : M —)■ [0,1/2] be a smooth increasing function such 


r{x) 


X , X < 1/4, 
1/2 , x> 3/4, 


and \r'\ < 1. As cut-off functions we will use 


Mid(C) := ft(>OE(-loS''(IKII))) 


(24) 


on X. Note that 


dpkiOl < 


X.(IICII) 

IICII|log||Clir 


where Xk is the characteristic function of 


r — 
[e 


(25) 


Lemma 5.1. Let X be an analytic variety of pure dimension n in D CC X an 
open subset and let p G Lq^^{D) with d^p G where < p < oc and 

1 < r < oo. Let 


^k 

and define 1 < X < 2n by the relation 

1 

A 

Then 


where 7 = min{A,r}. 


Pk ^ p 

dpk d^p 


TkT 

1 1 
p 2 n 

in Llq+iiD), 


(26) 


Proof. Is is easy to see by Lebesgue’s theorem on dominated convergence that 
Tk = TkP T in Llg{D) , PkdwT in 

It just remains to show that 

dpkXp 0 inLl^q^^{D). (27) 

So, we use the Holder inequality (with the relation (|26|) 1 to estimate 

P/ifcAV9||L7 < ||<^||Lp||<9pfc||L2n. 

But by use of (l2^ we get 


\\dp. 


1 2n 


k\\L‘ 2 .n 


< 


dVx {0 


< 


dVx{0 


'Xnsuppxfc |IC|P"’iog IICII JXnsnp'pxk 


2n 


log^ 


^ 0 


for fc —)■ 0 because the integrand is integrable over bounded domains in X by Lemma 
12.31 and the domain of integration vanishes as /c — )■ cxo (see e.g. j^, A. 1.16.2). □ 
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5.2. On the domain of dg. 

Lemma 5.2. Let X be an analytic variety of pure dimension n in with an 
isolated singularity at the origin, D (ZC X an open subset with smooth boundary. 
Let 1 < p < 2n and let cp G Lq,j(D) such that cp G Domd^ , i.e., d^ip G LQq_,_^(D). 

Then pi G Domd^ exactly if there exists a seguence of bounded forms pj G 
L'^q{D), pj G such that 

Pj T mLlq{D), (28) 

d^Pj inLf,q^^{D). (29) 

—C?^) 

Proof. Assume that p G Domd^ . So there exists a sequence of forms pj G C^q{D), 

—(p) 

Pj G Domd^ , with support away from the isolated singularity at the origin and 
such that fl28|) . fl2^ holds. By smoothing with Dirac sequences (on the smooth 
manifold X*), we can assume that the pj are bounded (actually even pj G C^(D)). 
More precisely, because it has support away from the singularity, a hxed pj can be 
approximated in the graph norm fl28|l . fl2^ by forms in C^q{D) by the procedure 
described in [^, Lemma A 6.7. 

For the converse statement, let e > 0. Choose pj such that 

\\t - T 3 \\lp{d) < e/3 and \\d^p - 'dwPj\\LP{D) < e/3. (30) 

Now use the fact that pj is bounded and Lemma 15.11 (with p = oo and A = 2n) to 
choose k > 0 such that 


WPj - PkPjWLPiD) < e/3 and Wd^Pj - d^{pkPj)\\LPiD) < e/3. (31) 

Now then, pkPj has support away from the isolated singularity at the origin, so 
we can use the procedure from above ( 0 . Lemma A 6.7) to hnd a smooth form 
Pe G C^q{D) with support away from the origin such that 

WpkPj - Te\\LP(D) < e/3 and \\dw{pkTj) - TeWiPio) < e/3. (32) 

Combining (l30D . (I3T]) and fl32D . we have seen that there exists for any e > 0 a 
smooth form p^ with support away from the singularity such that 

\\t - Te\\Lp{D) < e and \\dy,p - d^p^WiP^o) < e. 

This means nothing else but p G Dom . □ 


6. The Andersson-Samuelsson integral operator for affine cones 

OVER SMOOTH PROJECTIVE COMPLETE INTERSECTIONS 

6.1. The Koppelman integral operator for a reduced complete intersection. 

For convenience of the reader, let us recall shortly the dehnition of the Koppelman 
integral operators from Ea in the situation of a reduced complete intersection X C 
of dimension n = N — u, dehned by X = {C G | /(C) = 0}, for some tuple 
/ = (/i,...,/i.) of holomorphic functions on C^. Let Q CC D' CC be two 
strictly pseudoconvex domains, and let D := X fl D and D' := X fl D'. 
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Let ux be a structure form on X (see Ea, Section 3). The structure form ojx is 
essentially the pull-back of 




(33) 


to X, the sum is over all i^-tuples I = {Ii,..., 1^), where I < h <■■■< Ii, < N, 
and where d(i means that we have removed the factor d(i := d(j^ A ■ ■ ■ A dC/p from 

d(i A ■ • • A dCx, and the sign is such that d(i A d(i = d(i A • • ■ A d^x (there are also 
some scalar constants and a hxed frame of a trivial line bundle), and m{u,df /d() 
denotes the tuple of all {u x i^)-minors of df /d(. The Koppelman integral operator 
/C, which is a homotopy operator for the 5-equation on X, is of the form 


{}Ccp){z) = / K{C,z) ALfiC), 

JD' 


(34) 


which takes forms on D' as its input, and outputs forms on D. Here, 

iL(C,^)=a;x(C)A/A(C,z), (35) 

and K is dehned by 

^(C, z) A drii A • • ■ A drjx = h A {g A i?)„, 

where {g A B)n denotes the part of g A B of bidegree (n, *), rji = Q ~ The 
Refer form h is a {u, 0)-form h = hi A ■■■ A h^, where hi is a (1, 0)-form satisfying 
^■qhi = fi{C) — fi{^) where 5^ is the interior multiplication with 

and we write hi = The form g is a. so-called weight with compact support, 

dehned as follows. Let x((C) be a cut-off function with compact support in H', which 
is = 1 in a neighborhood of H, and let s((^,2;) = be a (1, 0)-form such 

that = 1, and which is smooth in ( for ( G supp x'iO^ ^ind holomorphic in 2; G H. 
Then 

g := X — dx ^ {s + s{ds) -|--h s(5s)"“^). 

If H is the unit ball i?i(0) C C^, then one choice of s is 

C • dr] 

27ii{\\C\\^ - C • z) 

and X = x(((’) is a cut-off function which is identically 1 in a neighborhood of H, and 
has support in H'. The Bochner-Martinelli form B is dehned by 

B ■=b + bdb + --- + b(db)^-\ 

where 

^ 5||?7|P fj • drj 


We thus get that iL is a sum of terms of the forms 




dxiO 


lie 


m 


hj{C,z)sk{C,z)drii A dr],,. 


and 












KOPPELMAN FORMULAS ON AFFINE CONES 


19 


Note that since Sk{C,z) is bounded ior z & D and ( G suppxXC); K is a. sum of 
terms of the form _ 

^j(C, z) z)drfu (36) 

where Vj((,z) G L°°{D x D'). 

If X is the affine cone over a smooth projective complete intersection Y, this means 
that we can choose / such that / = {fi,..., f^), where /i,..., are homogeneous 
polynomials of degree di,... ,d^, and we let d := di + ■ —h d^, where d is the degree 
of y. 

Since the rows of the (z/ x iV)-matrix are (dj — l)-homogeneous polynomials, 
all [u X z/)-minors of {df)/{d() are (d — i/)-homogeneous polynomials in (. The fact 
that Y is smooth means that X has an isolated singularity at {0}. In addition, this 
means that the common zero-set of the tuple m(z/, |^) is just the origin. Since 



and since ||m(z^, |^)|| only vanishes at the origin, we get that 



By fl3^ . we then get that if we write u = ^oz/dC/, then 

ll‘-'(C)ll < |j^- (38) 


Note also that using — z^ = {( — z){('^~^ + C,^~‘^z -\ -h one can chose the 

Hefer forms hi = '^hldrjj such that hl{(,z) are homogeneous polynomials in (C, 
of degree d* — 1. Thus, if we write h = hidrji, then 

d—u 

iA/(c.z)i<yiicr-‘'-ikr. (39) 

7=0 

To conclude, using fl36|l . fl38|) and (EH]), the kernel K{(,z) given by fl^ can be 
expressed as a sum of terms of the form 

(40) 

where 7 G {0,..., d — i/} and w{(, z) G L°°{D x D'). 

The projection operator V is dehned by 

(.V<p){z)= f P{C,z)A<p(0, (41) 

Jd' 

where the integral kernel P{C, z) is dehned in a similar way to fl35|) . namely, 

P{C,z) = Ux{C)AV{C,z), 


where 


F(C, z) A d?7i A • ■ ■ A dr]x = h A Qn, 


cf., |AS1 (5.5)]. Since gn = dx A s A it has support on supply, where 

s is smooth in ( and holomorphic in z. If we thus assume that X has an isolated 
singularity inside D, then u){C) is smooth on supp Qn, so to conclude, P(C, z) is smooth 
in C and z, and with compact support in (. 
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6.2. Mapping properties of the Andersson-Samuelsson Koppelman inte¬ 
gral operator. 


Proof of Theorem I i. il Due to Lemma 13.11 and the form (HUjl of the integral kernel 
in order to prove that /C give continuous linear maps —)■ LQ g_]^(D) 

and L^g{D') —)■ C'og_i(D), is enough to prove that integral kernels of the form 




(0 - Zi) IkIP 

iic-^PNicr 


give continuous linear maps L^{D') —)■ U’{D) and L°°{D') —)■ C^{D), where 0 < 
7 < d — z/ is an integer. This is Theorem 14.11 and Theorem 14.31 which also give 
compactness when p = oo. It just remains to prove compactness of /C as a continuous 
linear map U’[D') —)■ L^{D) when p < oo. If an integral operator is dehned by a 
bounded integral kernel, it maps U’{D') L^{D) compactly, see for example |R,ll 

Appendix B]. By Lemma 021 /C can thus be approximated by compact operators, 
and thus, K. is also compact. 

Finally, since V is dehned by a smooth integral kernel with compact support in C,, 
it maps Lf{D') to since 


< ||P(C, 2)||loo(D'xD)||¥^||l1(D') 

and 

dP 

\V^{z) -V^{w)\ < \\z - w\\\\—{C,p)\\l^^d'xD)\\p\\lhd'), 
and it is compact by the Arzela-Ascoli theorem. □ 


Proof of Theorem M.Sl We let ipk ■= PkP where {pk}k is the cut-off sequence from 
Section EH As in the proof of Theorem 1.3 in jLRj, pk can be approximated in 
U’[D') by smooth forms with support away from the origin, and using the Koppelman 
formula of Andersson-Samuelsson, which in particular holds for smooth forms, on this 
approximating sequence of smooth forms, and taking a limit, we get that 

Pk = dJCifk + ICdpk 


if g > 1, or 


Pk — 'Ppk + hidpk 


if g = 1. 

Note that —)■ (^ in LQ q(D'), and /C maps continuously L^q ^^D') —)■ LQ q_;^(D) by 
use of Theorem O (as < ^n-S^u+i) - P)- Pk ^ P, dKpk -)■ dlCp (if 

g > 1), and Vpk —t Vp (if g = 0) in the sense of distributions on D. Thus, it remains 
to show that ICdpk —)■ K,dp in the sense of distributions. We split this into two parts 
by using dpk = Pkdp + dpk A p. First, we have that pkdp —)■ dp in Lq^^{D'), and 
so IC{pkdp) —)■ fCdp in the sense of distributions by the argument above. It only 
remains to show that JC{dfik A 99) —?■ 0 in the sense of distributions. 

To show this, it is convenient to consider the sequence of integral operators 


ICkP := IC{dfik A p) 


with integral kernels consisting of parts dpkiO^-yiCy (®®® proof of Theorem 
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Using fl2^ and arguing as in the proof of Theorem 11.11 we see that it is enough to 
consider a sequence of kernels 


x.(iicii) 1 ikir 
iiciiiiogiiciii iic-^ii^"-Micr’ 


where Xk is the characteristic function of e”®*"]. Thus, Theorem 14.41 yields 

/Cfefp = IC{d^k A (p) —)■ 0 in Lq ^^D) if p < oo, and so clearly also in the sense of 
distributions. It is here where we need that p > 2 n-{d-u+i) • p = oo, then 

dpk A (p —)■ 0 in for any p' < oo, and thus, as above, fCk'P —t 0 in L^' for any 

p' ^ 2n-{d-u+i) ’ distributions. □ 


Proof of Theorem l.f. For p G DomcIg^\ let {v?j}j 


be a sequence as in Lemma [5.21 
We can assume that the pj are smooth and with support away from the singularity 
{0} (see the proof of Lemma [5.2p . Then 


(fj = dJCifj + JCdpj 

as in the proof of Theorem 11.31 By the mapping properties of /C, Theorem 11.11 we 
have that JCpj —)■ /C<p and K-dpj —?■ JCdp in Lp{D). This implies that /C<p G Domc?^^ 
and 


dlCip = if — Kdip 

in the sense of distributions on X. As the pj are bounded, is a sequence 

of bounded forms with K,pj —?• Xp and dXpj —)■ dXp in L^{D). Hence, we obtain 

X(f G Domcl^^^ by Lemma [521 D 
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